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Liquid Jet Atomization in a Compressible Gas Stream

Tingbao Chen* and Xianguo Li’
University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

A linear stability analysis has been carried out for a viscous liquid jet issued into an inviscid moving compressible
gas medium with three-dimensional disturbances. The disturbances are allowed to grow both temporally and spa-
tially. It is found that gas compressibility has a profound and significant influence on the stability of the liquid jet,
especially at high Mach numbers. Itis also shown that three-dimensional disturbances play animportantrole in the
atomization process, in particular, for flows at high Weber numbers. Under certain conditions, three-dimensional
sinuous disturbances even become more unstable than the corresponding two-dimensional axisymmetrical (vari-
cose) disturbances because of the effects of liquid viscosity. Effects of other parameters such as gas-to-liquid density

ratio and gas velocity are also investigated.

Nomenclature

unperturbed liquid jet radius

= speed of sound for the gas phase

= modified Bessel function of the first kind with
ordern

= modified Bessel function of the second kind with
ordern

= axial wave number

= U,/ ¢, the Mach number of the ambient gas with respect
to a frame of reference

=ka

azimuthal wave number

unit vector normal to the liquid-gas interface, pointing

into the gas phase

= pressure

p = pressure perturbation

= J/{(m* +[Q/ /(We) +imUPPM?}

q* = k*+ (o+ikUy)?/ *

r radial coordinate

a =/ (m*+Q/Z)

2 =k>+ (04 ikU)l v

= time

velocity or U,/ U,, the velocity ratio of gas to liquid

velocity vector

velocity perturbation

piUlal o, the liquid Weber number

i/ (pac)V?, the Ohnesorge number

= axial coordinate

= defined in Egs. (24) and (25)

= surface displacement from the equilibrium position
r=a

= initial disturbance amplitude

azimuthal coordinate

dynamic viscosity

= kinematic viscosity

= radial position of the gas-liquid interface

= density or p,/ p;, the density ratio of gas-to-liquid

density perturbation

surface tension

stress tensor
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Q = o(pa’l o)'?

Q  =Q+im(We)

93} =Q+imUy/(We)
10} = eigenfrequency
Subscripts

g = gas-phase property
J =gorl

l = liquid-phase property
r = radial direction

z = axial direction

0 = azimuthal direction
Superscripts

N = base flowfield
- = pre-exponential function, defined in Eq. (21)

Introduction

TOMIZATION of a circular liquid jet in a gas medium is a

process of instability development and subsequentdisintegra-
tion of the liquid jet into droplets of diameters much smaller than
that of the jet. This process is widely used in practical applications
such as fuel injectionin diesel engines and scramjet combustors. A
good understanding of the fundamental mechanism of atomization
is essential to the performance improvement of various industrial
processes in which liquid atomizationis employed. Extensive stud-
ies on the mechanism of atomization have been conducted over the
past century, and an extensive review of the subject has been given
by Lefebvre.! The liquid-jet atomization process has been inves-
tigated theoretically as a direct result of aerodynamic instability
resulting from either temporally or spatially growing disturbances.
In most of these studies, both liquid and ambient gas phases have
been assumed incompressible.

Recently, high-pressure fuel injection in diesel engines has been
attempted in the effort to reduce pollutant emission and to en-
hance fuel efficiency. In scramjet combustors, liquid fuel is injected
into a supersonic gas stream. Experimental evidences indicate that
the compressibility effect of the ambient gas phase may become
significant.> As a result, Zhou and Lin** studied the effect of com-
pressibility on the absolute and convective instability of an inviscid
liquid jet in an inviscid gas medium. Their results reveal that the
gas-phase compressibility may have considerable influence on the
characteristicsand growth of instability, whereas the effect of liquid-
phase compressibilityis very minimal, if it is noticeableat all. Sim-
ilarly, Li and Kelly® analyzed the temporal and spatial instability
of an inviscid incompressible liquid jet in an inviscid compressible
gas medium. Lian and Reitz® also investigated the effect of com-
pressibility and vaporization on the liquid-jet atomization process.
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However, most of the previoustheoreticalstudiesjustdiscussedhave
neglected viscous effects and considered the atomization process a
result of the growth of two-dimensional axisymmetrical (varicose)
disturbances. Experimental observations' have long since indicated
the importance of three-dimensional disturbance growth on the jet
disintegration process. Li’ was the first to consider the full effect
of three-dimensionaldisturbancesin his studies on viscous incom-
pressible liquid jets in an inviscid incompressible gas medium. It
was shown that three-dimensionaldisturbancesare relatively unim-
portant at low Weber numbers, but their growth rate becomes al-
most identical to that of varicose disturbancesat large Weber num-
bers. At high Weber numbers and large Ohnesorge numbers, three-
dimensional sinuous disturbances can even become predominant
over the corresponding varicose disturbances in the atomization
process. In practice, atomization occurs invariably at high Weber
numbers, while absolute instability of a circular liquid jet has been
known to occur at relatively small Weber numbers, typically at a
Weber number around 3, as shown by Li and Shen.? It has also been
demonstrated* that the liquid-phase compressibility has a negligi-
ble effect on the jet instability process. Therefore, in this study, an
investigation is carried out for both the temporal and spatial insta-
bility of a viscous incompressible liquid jet issuing into an inviscid
compressible gas stream with three-dimensional disturbances. The
significant effect of gas compressibility and liquid viscosity on the
development of three-dimensional disturbancesis highlighted.

Stability Analysis
Consider the instability process of a viscous liquid jet issuing
from a round nozzle of radius a into an infinitely large, inviscid,
moving, and compressible gas medium. The equations governing
the motion of both the liquid and gas phases are the conservation of
mass and momentum, which are in cylindrical coordinate
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and the Laplacian operator is given by
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The subscript j =/ represents quantities associated with the liquid
phase,and j = g representsthe gas phase. The effectof gas viscosity
is neglected,i.e., v, = 0. The neglectof gas viscosity is based on the
observationthat the viscosity of the surrounding gas medium s only
weakly stabilizing,and does not influence the relevant phenomenon
appreciably,as Lin and Ibrahim? found in a related work. It has also
been shown!? that the shear waves at the liquid-gas interface caused
by the growth of boundary layers play a secondary role in the jet
breakup process (the effectis orders of magnitude smallerthan those
consideredherein). The effectof gravity has been neglectedbecause

the Froude number involved is typically very large for practical
liquid atomization applications.

To solve the governing equations for the gas phase, an equation
of state is used, which relates the gas pressure and density by

6Pg o,
(a—pg)\.‘c ®

where the subscript s denotes an isentropic process.

Flowfield solutions to the governing equations [Eqs. (1-4)] must
satisfy the kinematic and dynamic boundary conditions at the inter-
face r = &, which are

0
Uj, = (E‘FUJ"V)@ (©6)
(u—y)xn=0 (7
(u—y) n+oV-n=0 ®)

where the subscript j =/ and g. The subscriptr representsthe radial
component of the velocity vector in the cylindrical coordinate sys-
tem (z, r, 6), whose origin is located at the nozzle exit, and whose
axial coordinate z coincides with the jet centerline, and is positive
in the flow direction.

The basic state that satisfies the governing equations and the
boundary conditionsis given by

l_]l = (Uzs Urs U@)l = (Uls Os O)

g (Uzs Urs U@)g' = (Ug's Os O) (9)

U
pg':[)g'spl_ﬁg':(d/a)(at g:a)

where the overbar denotes the basic state quantities. It might be
pointed out here that the base flowfield given earlier essentially
representsa vortex-sheetapproximation. This is reasonable,because
in practical applications, the nozzle orifice length-to-diameterratio
is small, so that an almost uniform velocity distributionis obtained.
As a result, this base flowfield has been used in almost all previous
analysis of liquid jet instability>~® To examine the stability of this
basic state, it is perturbed with three-dimensionaldisturbances,such
that the perturbed flowfields become

Uj=Uj+u;, Pj=Pj+p,
(10)

Py = Pg + P E=a+n
where the lower-case symbols u and p are used to designate the
perturbationsof the flow velocity and pressure, respectively, p,, rep-
resents the fluctuationsin the gas density, and nis the displacement
of the interface from the basic state cylindrical surface. It should
be noted that p; = p; because the liquid phase has been assumed
incompressible.

Substituting Eq. (10) into the governing Egs. (1-4), canceling
out the basic state solutions and neglecting the nonlinear terms,
and utilizing Eq. (5) for the gas phase, we arrive at the following
linearized equations for the perturbed flowfields:

0 +U 0 Vp, + w V? (12)
— — |u;, = — u
Pi 21 laz I Pr T Hy I
op, op, B
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0 0
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Clearly, the Coriolis and centrifugal force terms have vanished on
the linearization. The correspondinglinearizedboundary conditions
are,atr =a

. = <§ + U%Z) o G=Le (9

0. = m(‘a(;t’ + 6(;’;) - (16)
u,ra=/~ll|:ra—6r<u:r> +%6g;ri| =0 (17)

» —2#,6;:’ ~ P +a%<1 +a2§—;+;—;>n=0 (18)

To solve the governing equations [Egs. (11-14)], we take the
divergence of Egs. (12) and (14), and utilizing Egs. (11) and (13),
we have

V2p1=0 (19)

’p, %p, o*p,
LU, —= + U= =V, 20
a2 Ve TVe g TV P (20)

Note that Eq. (20) is just the convected wave equation.

The previous governing equations [Egs. (19) and (20) together
with Egs. (11) and (13)] are solved in terms of the normal mode
solution in the following form:

(uj, pj, m) = [u;(r), p;(r), mlexplot +i(kz +n6)]  (21)

where 1 is the initial amplitude of the interfacialdisturbance, (k, n)
are the wavenumber vector with n here being integer numbers,  is
time, andi = /—1.

It may be pointed out that the interfacial waves on the jet surface
with n =0 correspond to two-dimensional symmetrical jet surface
deformation with successive contraction and expansion in the ra-
dial direction, and are often referred to as varicose disturbances.
Disturbances with n = 1 have jet surface deformationsin which the
cross section, while remaining circular, is displacedrelatively to the
jet axis, thus, the jet acquires a wavelike profile, which is usually
called sinuous disturbances. For disturbances with n =2, the jet de-
velops elliptical cross sections. An ellipse with a horizontal major
axis is transformed successively into an ellipse with a vertical ma-
jor axis, and vice versa. For n > 3, sinusoidal surface deformations
occur both in the axial and circumferential directions, and become
increasingly complicated as unstable disturbances with larger val-
ues of n set in and start to grow on the jet surface. Figure 1 shows
schematically various modes of disturbances.

The final bounded solutions to the governing differential equa-
tions [Egs. (11-14)] are given next:

pr=—pi(o+ikU)A, 1L, (kr)explot + i(kz +n0)]
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where A and B are the integration constants; I, and K,, are, respec-
tively, the modified Bessel function of the first and second kinds,
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Fig. 1 Schematic of various modes of disturbances on liquid jet
surface.

the prime represents the derivative with respect to the argument;
and s =k*+ (0 +ikU)/ vi, ¢* =k* + (w+ ikU,)*/ c*. It should
be noted that, in general, the only Bessel functions that can guar-
antee boundedness at infinity for complex arguments are Hankel
functions. However, for the present problem, the modified Bessel
functions are satisfactory for the gas-phase solutions because the
wave number k is real for the temporal instability analysis, and the
real part of the wave number is much larger than the imaginary
part (at least one order of magnitude larger) for the spatial instabil-
ity analysis, as shown later in the Results section. Therefore, other
researchers have also used the modified Bessel functions for the
gas-phase solutions >* Substitution of the previous solutioninto the
boundary conditions [Eqs. (15-18)] results in the following disper-
sion relation, in dimensionless form:

A K, (4, I"(m) A
QL) — | 22 |70 e AL
A 4 K}(40) 7,(m) A

21 (s,
m n—l( )[1

M AL )L — 1(Sa)
Sa 13(s4) I,(m) A 1,(s2)

pimar  (mN L) (L Lema
I,(m) A Sy I'(sq) I,(m) A
=1—m?>—n? (23)

where the dimensionless parameters are defined as follows: Q=
o(pa’l 0)"?, Q=Q+im(We), Q,=Q+imU/(We), U=
U,/ U, is the velocity ratio of the gas to the liquid phase,
We = p,U?al cis the liquid Weber number, Z = u,/ (p,ac)"? is the
Ohnesorgenumber, p = p,/ p; is the density ratio of the surrounding
gas to the liquid, m = ka is the axial wave number,and M, = U,/ c is
the Mach number of the ambient gas with respect to a frame of ref-
erence moving with the jet at a velocity U,. This choice for the Mach
numberis basedon practicalapplications,suchasindiesel fuelinjec-
tion, where the liquid jet is typically injected at high velocities into a
relatively slow-moving air medium, and the instability waves prop-
agate from the wavy jet surface into the compressible gas stream.
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Further, q, = /{m*> +[Q/ /(We) +imUPM?}, s,=m> + Q,/ Z,
and
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For the varicose disturbances (n = 0), Egs. (24) and (25) reduce
to

A = =21+ (m)

Ay Ig(m) st +m?
A (m)l(m) 2 —m? (26)

Then Eq. (23) becomes, for the varicose disturbances (n = 0)

o2 +Qz|: ﬂKO(%) I, (m) Il’(m)i|
T g Ki(ga) To(m) Io(m)

} +2Zm*Q, [1 +

(1—m?
27

a7 [m Iiom) _ L(m) 1;@)} )

Io(m) " Io(m) I,(s,) Io(m)

It is clear that the gas-phase compressibility effect enters the dis-
persion relation through the gas-phase pressure fluctuations via the
normal stress boundary condition. Hence, the rest of the terms in
the dispersion relation remain the same as for the incompressible
case, which has been given by Li.”

In the present analysis, disturbances are allowed to grow both
temporally and spatially. The characteristicsof disturbancesare ob-
tained by solving the dispersion relation with the specified flow
parameters, such as We, M,, Z, and p, and the effect of gas com-
pressibility on the nature and growth of disturbancesis investigated
in terms of the Mach number, and the liquid viscouseffectin terms of
the Ohnesorgenumber Z. Numerical solutionsare procured through
Muller’s method,'! and the iteration is terminated when the relative
error between the successive iterations for the eigenvalue (Q in the
temporal instability and m in the spatial instability calculations) sat-
isfies a pre-set tolerance, which is usually 10~* or less in the present
study. Because the purpose and the interest of the present study are
on the instability of liquid jets, only unstable solutions to the dis-
persion relation will be presented in the next section, although the
same numerical techniqueis capable of determiningstable solutions
as well, which occur outside the unstable range of wave numbers
given in this study.

Results and Discussion

Numerical results for both temporal and spatial instability have
been obtained to fully understand the characteristics of instabil-
ity development and liquid jet disintegration processes. Figure 2
shows the variation of the temporal wave growth rate €., with
the wave number and Mach number for varicose disturbances at
We=10*, Z=10"%, p=107%, and U, =0. Here, the density ratio
of p= 1073 represents the case of a water jet in air at room tem-
perature, the Ohnesorge number of Z = 1073 implies a very mild
viscous effect, and the velocity ratio of zero means that the jet is
discharged into stationary ambient gas environment. These values
of parameters are encountered in many common applications. It is
seen that the growth rate as well as the dominant and cutoff wave
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Fig. 2 Dimensionless temporal wave growth rate for varicose mode.
n=0,We=10*,Z=10"3,p=10"3, Uy =0, and M,, as shown.
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Fig. 3 Dimensionless temporal wave growth rate for sinuous mode.
n=1,We=10*,Z=10"3 p=10"3,U, = 0, and M,, as shown.

number change little for M, < 0.3, and then increase rapidly with
Mach number, particulary when the Mach number is close to 1. It
is particularly noticeable that the cutoff wave number becomes ex-
tremely large near M, =1, and, in fact, it is infinitely large at unity
Mach number. This result has been shown by Chawla,'? in his study
of a sonic gas jet submerged in a liquid, and is valid for all instabil-
ities associated with a gas-liquid interface for liquids having finite
viscosity. Therefore, a viscous liquid jet with unity M, is unstable
when subject to disturbances of all wavelengths, whether short or
long, and it is because the pressure perturbation at the interface is
always out of phase with the wave motion.

Figure 3 shows the temporal wave growth rate of the sinuous
disturbance with the same values of flow parameters as those in
Fig. 2. Clearly, the gas compressibility promotes the disturbance
growth, and increases the dominant and cutoff wave number, just
as for the varicose disturbances shown in Fig. 2. Similar results are
given in Fig. 4 for the three-dimensional disturbance of n =2. As
shown by Li” for the incompressiblecase, two cutoff wave numbers
exist for any three-dimensional disturbance with n > 2. The lower
cutoff wave number is decreased slightly, whereas the upper cutoff
wave number is increased significantly when the Mach number is
increased. Both the lower and upper cutoff wave number owe their
existence to the stabilizing effect of surface tension. As shown for
Rayleigh instability,'” i.e., a cylindrical, inviscid, low-speed liquid
jetin a gas medium of negligible density, surface tensionis unstable
only for the axisymmetric varicose mode, i.e., n =0, with axial
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Fig. 4 Dimensionless temporal growth rate for mode r = 2. We = 10*,
Z=10"3, p=10"3,U, = 0,and M,, as shown.

wave numbers in the range of zero and the inverse of the jet radius,
and it stabilizes all modes of disturbances with the azimuthal wave
number n > 1. For the present case of liquid jets in a gas stream, the
aerodynamic effect, further aided by the gas compressibility effect,
destabilizes the jet for three-dimensional disturbances (n > 1), and
increases the range of unstable wave numbers for each mode of
disturbances. The results for n > 2 remain qualitatively the same as
thoseforn = 2 underthe same flow conditions,butas the value of n is
increased, the lower cutoff wave number will become progressively
larger, and the upper one gradually smaller, along with successively
smaller growth rate. At sufficiently large values of n, the unstable
range of the wave number disappears and the growth rate vanishes,
so that a liquid jet will be stable for three-dimensionaldisturbances
of sufficiently large values of the tangential wave number 7 under a
given flow condition. A typicalresultcan be foundin Li’ for M, = 0.

Figure 5 illustrates the effect of the liquid viscosity (through the
Ohnesorgenumber Z) for differentMach numbers. The results given
in Fig. 5a correspond to M, =0, whereas those in Fig. 5b are for
M, =0.85. The solid curves are for the two-dimensional distur-
bances of n =0, and the dashed curves are for the three-dimensional
disturbancesofn = 1.Itis seen that the gas compressibilityenhances
theinstabilityofliquidjets,as discussedearlier. As the liquid viscous
effectincreases (or Z increases), the growth rate is reduced signifi-
cantly for both two- and three-dimensional disturbances. However,
the growth rate for n =0 decreases faster than that for n =1, such
that at Z =1 the growthrate for n = 1 becomes larger than the value
for n =0 for the incompressible case (M, = 0), whereas the growth
rate is comparable for the compressiblecase (M, = 0.85). This indi-
cates that the stabilizing effect of liquid viscosity has been reduced
by the gas compressibilityeffects. Further calculationsshow that for
larger values of Z, the growth rate for n =1 will become predomi-
nant, suggesting that even with the presence of gas compressibility,
the sinuous disturbances may still dominate the jet breakup process
caused by the liquid viscous effect. It should be pointed out that
over most of the unstable wave number range, the two-dimensional
mode is still more unstable than the three-dimensionalmode, and it
is only at very long wavelengths that the three-dimensional modes
become more unstable for highly viscous liquids.

The typical effect of gas-to-liquid density ratio on the tempo-
ral growth rate is illustrated in Fig. 6 for We =5000, Z =1073,
M,=0.85,U,=0, and n =0. It is clear that the gas density in-
creases the disturbance growth rate, and dominant and cutoff wave
numbers, indicating the destabilizingeffect of gas density. Figure 7
shows the effect of the gas velocity, normalized by the liquid
jet velocity, on the temporal instability for n =0, We = 36.598,
Z=1.096x 1073, p=1.74 x 107*, and M, = 1.023. It is interest-
ing to note that when the liquid jet is injected into a stationary
gas medium (U, =0), the wave growth rate shows only one peak,
whichrepresentsthe surfacetensioneffectdominatingthe instability
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Fig. 5 Liquid viscous effects on the dimensionless temporal wave
growth rate. We =10*, p=10"3,and U, =0.Solid curves: n = 0; dashed
curves: n =1. M, = a) 0 and b) 0.85.
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Fig. 6 Effects of gas-to-liquid density ratio on the dimensionless tem-
poral wave growth rate for n = 0, We = 5000,Z = 103, M, = 0.85, U, =
0, and p, as shown.
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Fig. 7 Effects of gas-to-liquid velocity ratio on the temporal wave
growth rate. n = 0, We = 36.598,Z = 1.096 X 1073, p = 1.74 X 10~ 4,
M, =1.023,and U,, as shown.
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Fig. 8 Dimensionless spatial wave growth rate for n =2, We =10%,Z =
1073, p=1073, Uy =0, and M,, as shown.

process. When U, = U, the jet instability is essentially reduced to
the well-known Raylelgh instability, for which surface tension is
the only source of instability. However, when the gas velocity is in-
creased,a second peak of the wave growth rate appears, along with a
considerableincreasein the cutoff wave number. This second peak is
aresultofthe enhancedaerodynamicinteractionsbetween the liquid
and gas phase, and it increases with the gas velocity. Therefore, for
sufficientlylarge gas velocities, the second peak becomeslargerthan
the first peak with a sudden increase in the dominant wave number.
Because the diameter of the droplets formed from the jet breakup
is directly related to the dominant wavelength, a suitable coflowing
gas stream can significantly enhance the quality of atomization.
For spatial instability, the wave frequency Q in the dispersion
relation, Egs. (23) and (27), is taken as pure imaginary, i.e., Q=
—i€Q; with €; representing the wave frequency, and the axial wave
number m becomes complex, m =m, +im;, where m, represents
the wave number, and —m; the spatial wave growth rate. Figure 8
gives the typical spatial growth rate m; against the wave number m,
with different Mach numbers. As for the temporal case, the results
also indicate significant effects of the gas compressibility. In fact,
it can be shown that the results of temporal instability and those
of spatial instability are related by Gaster’s relation,'* which states
that the spatial growth rate is related to the temporal growth rate by
the group velocity. For the present liquid jet instability, the group
velocity,as shown in Fig. 9, is almost exactly the same as the liquid
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Dimensionless Phase and Group Velocity
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-

Fig. 9 Phase and group velocity of waves, normalized by the liquid
jet velocity, for various Mach numbers. We = 104, Z =103, p = 1073,
U,/U; =1.5,and n = 0. The unstable wave number range can be inferred
from Fig. 10b for different Mach numbers.

jet velocity. Hence, results similar to the temporal instability pre-
sented earlier are obtained for the effects of gas compressibility,
liquid viscosity, and density ratio on the spatial instability. Figure 9
also indicates that both group velocity and phase velocity are the
same, and equal to the liquid jet velocity, and they are almost inde-
pendent of other flow parameters. Therefore, the surface waves are
subsonic as long as the Mach number is less than 1. This result is
representative of all the cases investigated in the present study.

It might be pointed out that the Gaster relation'* was derived for
nearly parallel flows (such as boundary-layerflows), where growth
rates are typically small; it is also valid for the present case of lig-
uid jet instability, although the growth rates may be very large.
A typical result is shown in Fig. 10 for the flow conditions of
We=10*, Z=1073, p=1073, and n=0. Figure 10a is for the
gas stream velocity of U, =0, under which the growth rates are
large (on the order ofone) and Fig. 10b for U,/ U, = 1.5, where the
growth rates are relatively small because of reduced aerodynamic
effects resulting from a smaller velocity difference between the lig-
uid and gas stream. The solid curves represent the spatial growth
rate, and the dashed curves are the temporal growth rate at the same
condition transformed according to Gaster relation. It is seen from
Fig. 10a that both the solid and dashed curves coincide with each
other for Mach numbers as high as 0.9, and the difference for higher
Mach numbers is still small, barely noticeablearound the maximum
growth rates. The agreement between the temporal and spatial re-
sults is even better for smaller growth rates, as shown in Fig. 10b,
where the only noticeable, yet still small, difference lies around
the cutoff wave numbers. Gaster relation has also been shown, by
asymptotic analysis, to be valid for Rayleigh instability at relatively
large Weber numbers.!

The dominant wave number, which corresponds to the maximum
growth rate for a given set of flow conditions, is of practical impor-
tance in atomization process, because it relates to the diameter of
the subsequently formed droplets after the liquid jet disintegrates.
Because the spatial instability results can be determined from the
corresponding temporal ones through Gaster’s relation, only the
dominant wave number of the temporal instability is presented here
for varicosedisturbances.Figure 11 shows the dominant wave num-
ber as a function of Weber and Mach numbers. It is seen that the
dominant wave number increases rapidly with both We and M,
particularly at large values of We and M,,. Also notice that the in-
crease for M, <0.3 is fairly small, as may be expected. On the other
hand, increasing viscous effects reduces the dominant wave num-
ber, as shown in Fig. 12. Obviously, the viscous effect is more com-
plex than the effect of surface tension and gas compressibility when
Fig. 12 is compared with Fig. 11. The results shown in Figs. 11 and
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Fig. 10 Comparison between the spatial and temporal growth rates.
We =10%, Z =103, p = 1073, and n = 0. Solid curves: spatial growth
rate; dashed curves: temporal growth rate transformed according to
Gaster relation.!® U, =a) 0 and b) U,/U; = 1.5.
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Fig. 11 Dominant wave number of temporal instability as a function
of Weber number and Mach number. n = 0,Z = 1073, p =103, and
U, =0.
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Fig. 12 Dominant wave number of temporal instability as a function
of Weber number and Ohnesorge number. r = 0, p =10~ 3, Uy =0, and
M, =0.

12 indicate that increasing Weber number and gas compressibility
and reducing liquid viscous effectcan all contribute to the reduction
of droplet size in sprays.

Finally, it might be pointed out that the presentanalysis is not re-
stricted to the case of M, < 1. In fact, other workers, e.g., Refs. 3-5,
have applied a similar analysis to the case of M, > 1. However,
such application for M, > 1 should be cautioned as experimental
evidences? suggest the appearance of shock waves in the ambient
gas phase, thus invalidating the base flowfield assumed in the analy-
sis. Hence, we have restricted the presentation of the results for the
Mach numbers up to slightly larger than one.

Conclusions

This study investigatesthe temporal and spatialinstabilityof a vis-
cous liquid jet dischargedinto an inviscidcompressible gas medium
with three-dimensional disturbances. It is shown that for M, > 0.3
the gas compressibility enhances the growth rate for both two- and
three-dimensional disturbances considerably, widens the range of
unstable wave numbers, and promotes significantly the jet disin-
tegration process, especially when close to the sonic region. For
viscous liquids, sinuous disturbances may become the most unsta-
ble mode of disturbancesunder certain flow conditions. The density
ratio of gas-to-liquidincreasesthe disturbancegrowthrate, and dom-
inant and cutoff wave numbers. The gas velocity can significantly
enhance the liquid jet breakup process and improve the quality of
atomization.
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